Constants of motion of a closed system, such as its energy or charge, are determined by symmetries of the system. They offer global insights into the system dynamics and were instrumental to advances such as the prediction of neutrinos. In contrast, little is known about time invariants in open systems. Recently, a special class of open systems with parity-time (PT ) symmetry has been intensely explored for their remarkable properties. However, a complete characterization and experimental observation of time invariants therein are both still lacking. Here we present an analytical solution for all time invariants of a broad class of PT -symmetric Hamiltonians. Using a single-photon interferometry setup, we confirm our results by simulating the quantum dynamics of a PT -symmetric qudit across a fourth-order exceptional point. We further observe the information flow in the system via the dynamics of qudit entropies. Our results demonstrate conserved quantities in a non-unitary time evolution, and point towards the rich dynamics and enhanced sensitivity of systems with higher-order exceptional points.
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I. INTRODUCTION
A PT -symmetric system has balanced gain and loss, and is described by an effective, non-Hermitian Hamiltonian H PT that is invariant under the combined parity and time-reversal operation [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . As the gain-loss strength is increased, the spectrum of H PT changes from real into complex conjugate pairs, and the corresponding eigenvectors cease to be eigenvectors of the PT operator. This PTsymmetry-breaking transition occurs at an exceptional point of order n (EPn), where n eigenvalues, as well as their corresponding eigenvectors, coalesce [15, 16] . The PT transition and the nonunitary time evolution generated by H PT have been observed in classical optical systems with EP2 [1] [2] [3] [4] [5] [6] [7] [8] [9] and EP3 [10] . In the quantum domain, PT transitions across the EP2 have been observed in systems with mode-selective losses comprising single photons [11] , ultracold atoms [12] , and superconducting qubits [13] .
In traditional quantum theory (of closed systems), an observable O is a constant of motion if it commutes with the Hermitian Hamiltonian, where O = 1 implies the conservation of norm of a quantum state. A PT -symmetric Hamiltonian, on the other hand, describes an open system with balanced gain and loss. What are its conserved quantities, if any? How do they constrain the dynamics, particularly in the PT -symmetry-broken region where exponentially amplifying eigenmodes occur?
With an approach inspired by the early work on pseudo-Hermicity [17] [18] [19] , we conclusively address these questions. For a broad class of PT -symmetric Hamiltonians encompassing all finite-dimensional discrete models, we analytically construct a maximal set of linearly independent intertwining operators with time-invariant expectation values. We then experimentally confirm our construction in a minimal PT -symmetric Hamiltonian with an EP4, by encoding a qudit (d = 4) in the path and polarization of a single photon [20] and simulating its non-unitary dynamics. We track all four linearly independent time invariants in the PT -symmetric phase, at the PT transition point (EP4), and in the PT -broken phase for different initial states. We also demonstrate the enhanced sensitivity of the system's spectrum near the EP4, and further characterize the information-flow dynamics through the time evolution of qudit entropies.
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It follows that the non-unitary time evolution operator G(t) = exp(−iH PT t) keepsη unchanged, i.e. G † (t)ηG(t) =η. The expectation value ofη in an arbitrary quantum state is therefore a time invariant. Thus, in principle, all time invariants can be obtained by solving a set of d 2 linear equations (1), an approach used for PT -symmetric dimer and trimer cases [21] .
Instead, here we derive analytical expressions for all intertwining operators of an arbitrary Hamiltonian with simultaneous transpose and PT symmetries, i.e. H PT = H T PT . This broad class includes all experimentally investigated PT -symmetric systems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and most of theoretically studied lattice models [22, 23] . The transpose symmetry of the Hamiltonian implies T H PT T = H † PT , where the time-reversal operator T is given by complex conjugation. It follows from the PT symmetry of the Hamiltonian that the parity operator P is an intertwining operator, i.e.η 1 = P. We then construct a sequence of dimensionless, linearly independent operators by the recursion relationη
The intertwining nature ofη k−1 implies thatη k is also an intertwining operator. This sequence terminates withη d because the characteristic equation for H PT is a polynomial of order d.
d is a linear combination of lowerorder intertwining operators. By expressingη and H PT in the bi-orthogonal eigenbasis of H PT [19] , it is easy to show that there are no additional linearlyindependent intertwining operators as long as the spectrum of H PT is non-degenerate. The recursive procedure thus yields a maximal set of d linearly independent constants of motion for a d-dimensional Hamiltonian.
III. IMPLEMENTING PT -SYMMETRIC QUDIT WITH AN EP4
For experimental demonstrations, we use the Hamiltonian
Equation (2) is compactly written as H PT (γ) = −JS x + iγS z , where S x and S z are spin-3/2 representations of the SU (2) group. It represents a PT -symmetric qudit with an anti-diagonal parity operator P = antidiag(1, 1, 1, 1). The four equally spaced eigenvalues are given by λ k = {−3/2, −1/2, +1/2, +3/2} J 2 − γ 2 , which give rise to an EP4 at the PT -breaking threshold γ = J. The advantage of choosing Hamiltonian (2) is that it can be easily generalized to an arbitrary dimensional system where it still remains analytically solvable and has an exceptional point with the order equal to the system dimension [10, 24] . The single energy gap J 2 − γ 2 in the spectrum of (2) and the fermionic nature of spin-3/2 representation lead to anti-periodical (G(T ) = −1) dynamics with the period T (γ) = 2π/ J 2 − γ 2 for γ ≤ J. Further, for γ = 0, occupations P k (t) = | k|ψ(t) | 2 (k = 1, 2, 3, 4) of the four modes obey a shifted mirror symmetry, with P k (t) = P 5−k (t + T /2), which indicates a perfect state transfer.
We encode the four modes of the qudit in the spatial and polarization degrees of freedom of a single photon, and label them as |1 = |U H , |2 = |U V , |3 = |DH , |4 = |DV . Here, {|H , |V } are the horizontal and vertical polarizations, and {|U , |D } denote the upper and lower paths, which undergo gain and loss respectively (Fig. 1a) . Mapping the PT -symmetric Hamiltonian H PT into a passive PT -symmetric one with mode-selective losses
We experimentally measure the occupation P k (t) by projecting the time-evolved state onto |k (Supplementary Information). The perfect state transfer for γ = 0 is confirmed by the transfer of occupation from the first mode to the fourth mode (Fig. 1b) . In the PT -symmetric phase with a finite γ, whereas the occupations are periodic in time with a period T (γ), there is no perfect state transfer at time T (γ)/2 due to the non-unitary dynamics (Fig. 1c) . At the exceptional point γ = J, the observed time-dependent norm P (t) = k P k (t) grows algebraically with time as t 6 (Fig. 1d) . Such a scaling is dictated by the order of the exceptional point. At the EP4, H 4 PT = 0 and the power-series expansion of G(t) terminates at the third order, giving rise to the t 6 dependence for the norm. When a general PT -symmetric Hamiltonian is perturbed from the exceptional point by a small detuning δ, the complex eigenvalues in the vicinity of EPn are given by a Puiseux series in δ 1/n [24] , indicating enhanced classical sensitivity proportional to the order of the exceptional point [10, 25] . To demonstrate this, we simulate the dynamics of a perturbed Hamiltonian H δ (γ) = H PT (γ = J) − iδγ|1 1| and probe its eigenvalues via interference-based measurements ( Fig. 1e; Supplementary Information) . The real and imaginary parts of perturbed eigenvalues λ k as functions of distance δ from the EP4 (Fig. 1f) show Re(λ k ) ∼ δ 1/4 and Im(λ k ) ∼ δ 1/4 and provide an independent evidence of the fourth-order exceptional point. We note that this is a first direct measurement of eigenenergies in single-photon dynamics.
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IV. OBSERVING TIME INVARIANTS
For a four-dimensional system, the recursive procedure gives four intertwining operatorsη k = P(H PT /J) k−1 (k = 1, 2, 3, 4). To obtain their time-dependent expectation values, we carry out quantum-state tomography on the time-evolved states (Fig. 2a) . Figure 2b shows the measured qudit density matrix ρ(t) for a system with γ = 0.2J and an initial density matrix ρ(0) = |1 1|/3 + 2|4 4|/3 at times t/T (γ) = {0.1, 0.4, 0.7, 1}. In our experiment, we also reconstruct the time-evolved states |ψ k (t) across multiple time scales and over a wide range of γ for four different initial states, given by 
Figures 2c-2f show measured expectation values η k (t) for the symmetric initial state |ψ 2 . While generically dependent on γ, the expectation values η k (t) remain time invariant regardless of whether the system is Hermitian (γ = 0), in the PT -symmetric phase (γ = 0.2J), at the EP4 (γ = J), or deep in the PT -symmetry broken region (γ = 1.2J). Interestingly, the time invariant η 3 (t) measured at the transition point EP4 and over two different time scales shows that it is not positive-definite and can be tuned by an appropriate choice of the initial state (Fig. 2g) . The same is true deep in the PT -symmetry broken regime (Fig. 2h) . The persistence of time invariants in these last two cases leads to phase locking in the time-evolved states (Supplementary Information), while their norms increase with time algebraically or exponentially [23] . Results in Fig. 2 clearly demonstrate that despite their non-unitary evolution, open systems governed by PT -symmetric Hamiltonians support conserved quantities.
V. OBSERVING INFORMATION DYNAMICS
A crucial aspect of dynamics is the information flow between the system and environment, or between gain and loss sectors within the system. This is reflected in the qudit entropy S(t) = −Tr [ρ(t) log 2ρ (t)], whereρ(t) = ρ(t)/Tr [ρ(t)] is the instantaneously normalized density matrix, and the gain-and loss-sector entropies, S Gain (t) and S Loss (t), respectively. These are obtained from the gain-and loss-sector reduced density matrices ρ Gain (t) = Tr 3,4 [ρ(t)] and ρ Loss (t) = Tr 1,2 [ρ(t)]. A full knowledge of the time-dependent state through the quantum-state tomography allows us to experimentally explore the information flow. Here, we focus on the quantum dynamics in the PT -symmetric region. At the EP4 or in the PT -symmetry broken region, due to the diverging state norm, the normalized density matrixρ(t) and various entropies approach a steady state (Supplementary Information) [26, 27] .
Starting with a mixed initial state ρ 2 (0) = 0.9|ψ 1 ψ 1 | + 0.1|ψ 2 ψ 2 |, the time-dependent qudit entropy S(t) is constant in the Hermitian limit and shows periodic oscillations in the PT -symmetric region (Fig. 3a) . This demonstrates an exchange of quantum information between the system and its environment in the PT -symmetric region. By contrast, S Gain (t) and S Loss (t) oscillate in the Hermitian limit and show a qualitatively similar behavior throughout the PT -symmetric region. The reduced density matricesρ Gain (t) andρ Loss (t), on the other hand, trace out distinct trajectories on the Bloch sphere (Figs. 3b and 3c) . Figure 3d shows the entropy dynamics for a family of mixed initial states ρ α (0) = α|ψ 1 ψ 1 | + (1 − α)|ψ 3 ψ 3 | in the PTsymmetric phase with γ = 0.2J. Starting from a pure state with zero entropy and with increasing α, the qudit entropy develops oscillations with a period T (γ) and an amplitude that vanishes as α → 1.
Finally, we explore the dynamics of the entanglement entropy by choosing pure initial states. For a symmetric initial state |ψ 2 , S E (t) = S Gain (t) = S Loss (t) shows little difference between the Hermitian case and the PT -symmetric case (Fig. 3e) . On the other hand, the periodic results for S E (t) in Fig. 3f show that its behavior, maxima, and minima can be engineered by the choice of the initial state.
VI. DISCUSSION
By analytically tabulating and directly observing the time invariants, we have evinced the mathematical structure and consequences of conserved quantities in a wide variety of PT -symmetric systems. The observed enhanced sensitivity at the fourthorder exceptional point, phase locking, and quantum information flow signal the rich dynamics of PT -symmetric systems with higher-order EPs that is potentially useful in developing ultrasensitive detection devices [10, 25] .
Appendix A: Data analysis
Time-dependent occupation numbers for the four modes are defined as P k (t) = | k|ψ(t) | 2 (k=1,2,3,4), where |ψ(t) = G(t)|ψ(0) . In our experiment, instead of G(t), we realize the lossy evolution operator G L (t) at any given time t and access timeevolved states by enforcing G L (t) on the initial state. We define a correction factor C = exp(3γt/2) to map experimental realizations of G L (t) into G(t) with gain and loss. We perform projective measurement on the time-evolved states, and obtain the number of the photons N k in each mode |k and the raw data for the occupation numbers
Here, N Loss (t) is the number of the photons which are lost from the optical circuit, as required by passive PT -symmetric dynamics. After the correction, we obtain the experimental results of the occupation numbers for each mode P exp k (t) = |C| 2 P k (t). Similar to the timedependent norm P (t) = | ψ(t)|ψ(t) |, we obtain the raw data for the norm P (t) = k P k (t) via projective measurement. After the correction, the experimental result for the norm is P exp (t) = |C| 2 P (t).
For the eigenenergies λ k of the perturbed Hamiltonian H δ = H PT (γ = J) − iδγ|1 1| at the EP4, we simulate passive non-unitary dynamics governed by a perturbed Hamiltonian H δ = H δ − 3iγ1/2. The eigenvalues ξ k of non-unitary time evolution operator G δ (t) = exp(−iH δ t) can be obtained via interference-based measurement [28] . The evolution time is fixed to Jt = 0.5 for this case. The eigenenergies λ exp k are obtained from the experimental data, i.e. λ exp k = 2i ln ξ k + 3iγ/2.
For time invariants, we reconstruct the normalized density matrix ρ exp (t) of the timeevolved states via quantum-state tomography. After the correction, the density matrix of the states evolving under H L is given by ρ (t) = ρ exp (t) i N i (t)/ [ i N i (t) + N Loss (t)], where i = U, D are the spatial modes of photons. Raw time invariants are obtained as η k = Tr [η k ρ (t)]. After the correction, the experimental results for time invariants are obtained as η exp k (t) = |C| 2 η k (t). The entropy calculations use instantaneously normalized density matrices and are carried out using ρ exp (t).
